1. Introduction. The aim of the present note is to give a proof of Theorem 5, due to Cassels, on the valuations of the torsion points of an elliptic curve defined over a local field K of characteristic zero. Cassels's proof relies on the addition formulas for the Weierstrass p and p' functions. The one given here follows from the properties of the torsion points of one-dimensional formal groups defined over the ring of integers of K.
The reader could also look at Oort [5] for another approach to Cassels' theorem.
Torsion points of formal groups.
In the following we denote by K a local field, finite extension of the field Q p of p-adic numbers, with ring of integers A; we assume that the normalized valuation v of K is extended to the algebraic closure ^K of K. We denote by p# (resp. p-g) the maximal ideal of A (resp. of the valuation ring of A), and by e = v(p) the ramification index of K/Qp.
Let F be a one-dimensional formal group of finite height h > 1, defined over A; as usual (see [3] ), for each a e Z p we denote by
. The group of points F(p^) of F with values in ~K has a structure of a module over Z p , by means of the operation ax
be the "multiplication by /?" in the formal group F; setting q = p h , one has fl f -€ pJC if i = 1,..., # -1 and v{a q ) = 0. We shall be interested in the valuations of the torsion points x € F(p^). The most convenient thing is to consider the Newton polygon of the series [p] (X) , that is the lower convex envelope of the points (i, v{at)) e R 2 (i > 1). If PQ = (l,e) 9 P\ = (qi,ei),... ,P m = (q,0) are the vertices of such a polygon (where e, = v(a gi )), the slopes are the negative of the numbers
If q t < r < q i+x (for / = 0,..., m -1), for any 
. In fact, when r > q such a relation is obvious (since v{a q ) = 0); when r < q, one may write
. In fact, for r > q t this relation comes from
The case v(x) > a x is discussed similarly.
(of course, we denote by ^(p^) the set p^ with the group structure given by the group law F). The injectivity comes from the fact that in p-^ the zeros of [p](X) have valuation < a\. To show the surjectivity, let n be a uniformizing parameter of K\ we have to see that if y € pg is such that v(y) = i + e > a\ + e, there is x = U a n (t e A) such that [p](U ai t) = y; now, the series has coefficients in A and Weierstrass degree one, so the result follows from the Preparation Theorem for power series. (3) If F is the multiplicative group, the Newton polygon of [p](X) only has one slope. Proposition 2 gives then the well-known effect of "raising to the pth power" in the group of principal units of the local field K (or of any of its finite extensions). 
• is separated and produces in F(PK) the p-adic topology (if i is large enough, one of the remarks shows that pF(p
). According to a well-known lemma in commutative algebra, the finiteness of F(px) as a module over Z p , follows from the finiteness of F(PK)/PF(PK), a quotient of F(p K )/F(p^e) = Fip^/pFip^) for i large enough.
Taking again i large enough so that F(p^) is torsion free, hence free, its rank is the same as dim Fp 
Qp\ the proposition is clear. 
x + a 6 {at E A). We write E(K) for the group of points of E with values in K; E(K)
is an abelian group in the usual way, taking the point at infinity (0,1,0) of E as zero element. Notations are the same as in Tate [6] , THEOREM 
Let (x,y) e E(K) a torsion point of E. If the order of{x, y) is not a power of p, then x,y e A. If the order of(x f y) is
Proof By reducing the equation (X) of E modulo the maximal ideal of A, we get the equation of a cubic E defined over the residue field k of K. The set E ns (k) of nonsingular points of E with values in k is a group, and one has the exact sequence
here EQ(K) denotes the subgroup of the elements of E(K) that reduce to the nonsingular points of E, and
= 0u{(x,y)eE(K)\v(x) < -2, v(y) < -
is the kernel of the reduction map.
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One knows that there is a formal group law F defined over A, and an isomorphism
Such a formal group F is isomorphic to the additive one if E has bad reduction and the singularity of E is a cusp, and of height one or two in the other cases; in the first case, F(px) is of course torsion free, and in the other ones, the only possible torsion is /?-torsion. In these cases, if z e F(px) has order p r , v(z) < e/p r~l (p -1) (Proposition 4); since we have for the corresponding point (x,y) e E X {K)
The theorem is proved taking account of the fact that Proof For each prime number p, we denote by v p the p-adic valuation of Q (extended to Q p ). Since we have E{Q) c E(Q P ), we can apply the last theorem.
COROLLARY 6 (Nagell-Lutz). Let E be an elliptic curve defined over Q, given by a minimal global Weierstrass equation of the form (X)
If (x, y) E E(Q) is a torsion point whose order is not a power of any prime number p, then x,y eZ p for each p, so x,y e Z.
If the order of (x, y) e E(Q) is p r (p prime, r > 1), then for each prime I ^ p, x,y eZi; moreover REMARK. AS shown in the proof, one has to study the possibility of a torsion point of order two in E(Q) only when E has ordinary good reduction or split multiplicative reduction at 2.
Appendix.
If P = (x(P),y(P)) e E(Q) is a torsion point of order different from two of the curve E given by the equation (X)-where the a z G Z-we know that x(P), y(P) G Z, and so P verifies the hypothesis of the following proposition. PROPOSITION 
Let A be the discriminant of the curve E. If P = (x(P),y(P)) e E(Q) is a point with integer coordinates such that IP = (x(2P),y(2P)) has also integer coordinates, then
Proof We only sketch it. We write, as in [6] , Multiplication by two, E ^ E, is given by a formula 
